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On Some Diophantine Equations (III) 
 
 
Nobuo Kobachi 
 
In this paper, we study about the equation 12 1 12 1(2 1) / ( 1) / 2x y y xb b k    , where ,b k are odd. By considering the 
factorization into prime factors, we find solutions of the equation. In the case of 11
sk l  and 12 1y z , if b  is a prime 
number, then the equation has two solutions. And if 3 43 4
s sb l l  is satisfied, then the equation has no solutions. In the case 
of 1 21 1
s sk l l  and 12 0 (mod 2)x { , if b  is a prime number, then the equation has no solutions. In case of 1 21 1s sk l l  
and 12 0 (mod 4)x { , if 3 43 4s sb l l  is satisfied, then the equation has one solution. 
 
Keywords : Diophantine equation, Existence of solutions, Factorization into prime factors, Catalan’s Theorem 
 
1. INTRODUCTION 
Let   be a set of positive integers. In this paper, we use the following variables: 
1) Let , \ {1}a b , and let 1 2 12 1 2 12, , , , , , ,x x x x y y y y  , 
2) Let 1 2 3 4, , ,l l l l  be distinct odd prime numbers, and let 1 2 3 4, , ,s s s s  . 
  Let c . The equation x ya b c   has been studied by many authors. Especially, in the case of 1c  , the following 
Catalan’s Theorem(1) is well known: 
 
Catalan’s Theorem  Let , 1x y ! . Then equation 1x ya b   has an unique solution 2 33 2 1  . 
 
  M.A.Bennett(2) shows that the equation x ya b c   has at most two solutions for ( , )x y . And we know the following eleven 
cases: 
1 1 2 33 2 3 2 1    ,      3 1 5 32 3 2 3 5    ,      4 1 8 52 3 2 3 13    ,      3 1 7 32 5 2 5 3    , 
(1.1) 1 1 3 713 3 13 3 10    ,   1 1 2 1391 2 91 2 89    ,    1 1 2 56 2 6 2 4    ,      1 1 2 315 6 15 6 9    , 
1 1 2 7280 5 280 5 275    ,      1 1 2 54930 30 4930 30 4900    ,      4 4 5 86 3 6 3 1215    . 
Furthermore, M.A. Bennett refers to the following conjecture: 
 
Conjecture  The equation x ya b c   has at most one solution for ( , )x y  except eleven cases of (1.1). 
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  Let gcd( , ) 1a b  , and let 1 2 1 2,x x y y  . Then the equation 1 1 2 2x y x ya b a b c     is transformed into the equation 
 (1.2) 
12 12
1 1
1 1x y
y x
a b k
b a
   , 
 where 12 2 1x x x  , 12 2 1y y y   and k  is a suitable positive integer. N.Kobachi, Y.Motoda and Y.Yamahata(3) have so far 
studied the equation (1.2) , where ,a b  are distinct prime numbers, on the cases of 1, 2, 3, 4, 5k   and prime numbers with 
7k t . Furthermore, in this paper, we study the equation (1.2), where 2a  , on the cases 11sk l  and 1 21 2s sk l l  
 
 
 
2. FACTORIZATION INTO PRIME FACTORS 
  In this section, we prepare some lemmas. 
 
Lemma 2.1  Suppose 3a t  and that x is odd with 1x z .  
(1) There exists at least one odd prime number p  such that | ( 1) / ( 1)xp a a   and 1p a ?  are satisfied. 
(2) There exists at least one odd prime number p  such that | ( 1) / ( 1)xp a a   and 1p a ?  are satisfied. 
Proof We show the proof of (1) only. The proof of (2) is shown similarly in the case of (1). 
We remark that 1 ( 1) / ( 1)xa a a     and ( 1) / ( 1)xa a   is odd.  
Now, put gcd{( 1) / ( 1), 1}xK a a a    . If 1K   is satisfied then the result of (1) follows. After this, we suppose K  is 
odd with 3K t . From | 1K a  , 1 (mod )a K{  is obtained. Thus ( 1) / ( 1) (mod )xa a x K  { follows. Furthermore, from 
| ( 1) / ( 1)xK a a  , |K x  is satisfied. This leads 1| 1K xa a  . 
  And, from 1 (mod )a K{ , there is a positive integer A  such that 1a KA  . Therefore 
1
1 ( )
KK j
K jj
a C KA   ¦ , and so 
(2.1)  3
3
1 1 1
1 ( )
1 2
K K
j
K j
j
a KKA A C KA
K a

 
­ ½ ° °   ® ¾ ° °¯ ¿¦  
follows. Let m  and let it  . If K  is factorized by m  distinct odd prime numbers jp , that is 1 j
m t
jj
K p   , then we 
have  ( 1) / ( 1) 1 (mod )K ja K a p  {  for 1, ,j m " . Thus, from 1| 1K xa a  , the result of (1) follows.           ڧ 
 
Lemma 2.2  Suppose 3a t  and that x is odd with 1x z . 
(1) If 1a   is factorized by m distinct prime numbers, then 1xa   contains at least 1m   distinct prime numbers as the 
factor. 
(2) If 1a   is factorized by m distinct prime numbers, then 1xa   contains at least 1m   distinct prime numbers as the 
factor. 
  (3) If 2 1a   is factorized by m distinct prime numbers, then 2 1xa   contains at least 2m   distinct prime numbers as the 
    factor. 
Proof From Lemma 2.1, the results (1) and (2) are clear. We show the proof of (3) only. 
From (1) of Lemma 2.1, there is at least one odd prime p  such that | ( 1) / ( 1)xp a a   and 1p a ?  are satisfied. If 
| 1xp a  , then we have a contradiction to gcd( 1, 1) gcd(2, 1) 1x x xa a a      or 2 . Thus 1xp a ?  follows. Similarly, 
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from  (2) of Lemma 2.1, there is at least an odd prime q  such that | ( 1) / ( 1)xq a a   and 1q a ?  are satisfied. 
Furthermore 1xq a ?  follows. That is p qz  and 2, 1p q a ? . Thus, from the equation 
(2.2)  2 2
1 1 1 1
1 ( 1)( 1) ( 1) ( 1) ( 1)
1 1 1 1
x x x x
x x x a a a aa a a a a a
a a a a
­ ½­ ½§ · § · § ·§ ·   ° °° °        ® ¾® ¾¨ ¸ ¨ ¸ ¨ ¸¨ ¸   ° °° °© ¹ © ¹ © ¹© ¹¯ ¿¯ ¿
, 
we can obtain the result (3).                                       ڧ 
 
Lemma 2.3  If 4 12 1mb    is satisfied, then the equation 12 11 2 sxb l    has no solutions.  
Proof Put 42 mA  . Then we have 
(2.3)   1 2 212 (2 1) 1 2(2 2 1)
sx l A A A       . 
Thus 1x   and 1 21 2 2 1sl A A    is obtained. And, from 16 1 (mod 5)mA  { , 11 0 (mod 5)sl {  follows. That is 1 5l  . 
Therefore 1 25 2 2 1s A A    is satisfied. Then we remark that 16A t  leads 1 3s t . Then we have 
(2.4)  1 22 2 3 4 2 45 (5 1) 2 2 24 2( 4)( 3) 2 (2 1)(2 3)s m mA A A A           . 
Thus 1 28 | 5 1s    and so 1 2s   is even. That is 1 23 | 5 1s   . Therefore 22 2 24 0 (mod 3)A A  {  follows. On the other hand, 
from 1 (mod 3)A { , 22 2 24 1 (mod 3)A A  {  follows. Thus we have a contradiction.              ڧ 
 
Lemma 2.4  We have the following result: 
(1) If x  is odd with 5x t , then 2 1x   has an odd prime number p  other than 3 and 3 as the factor. 
(2) If x  is even with 4x t , then 2 1x   has an odd prime number p  other than 3 and 3 as the factor. 
Proof (1) Since x  is odd, 3 | 2 1x   follows. If 2 1 3x y   is satisfied, from Catalan’s Theorem, then there are only two 
solutions ( , ) (1, 1), (3, 2)x y  . Thus we have a contradiction to 5x t . 
(2) Since x  is even, 3 | 2 1x   follows. If 2 1 3x y   is satisfied, from Catalan’s Theorem, then there is an unique solution 
( , ) (2, 1)x y  . Thus we have a contradiction to 4x t .                           ڧ
 
Lemma 2.5  Let 1 2x x . Then 2 0 (mod 2)x {  and 1 2| / 2x x  follow if and only if 1 22 1 | 2 1x x   is satisfied. 
Proof Let R  be the remainder of 2 1(2 1) / (2 1)x x  , and let m  be the quotient of 2 1/x x . Then the relation 
2 1( 1) 2 1x mxmR      follows. Therefore 0 (mod 2)m {  and 2 1x mx  if and only if 0R   is satisfied. Thus the proof is 
completed.                                                                                           ڧ 
 
Remark 2.6  Similarly, we have the following results: 
(1) Let 1 2x xd . Then 1 2|x x  follows if and only if 1 22 1| 2 1x x   is satisfied. 
(2) Let 1 2x xd . Then 2 1 (mod 2)x {  and 1 2|x x  follows if and only if 1 22 1 | 2 1x x   is satisfied. 
(3) Let 1 2x xd . Then 2 1 (mod 2)x {  and 1 2x   follows if and only if 1 22 1| 2 1x x   is satisfied. 
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3. FACTORIZATION ON 22 1x   
In this section, we consider the factorization on 22 1x  . And we treat the following three cases: 
 1 22 1 22 1
s sx l l   ,  31 22 1 2 32 1 ss sx l l l    ,  31 2 42 1 2 3 42 1 ss s sx l l l l     . 
 
Lemma 3.1  Let k . The system of equations 2 1 1
2 1
x
x k
­   °®   °¯  has no solutions except 3k  . 
Proof From (2 1) 2 3xk     , it is clear.                                                              ڧ 
 
Lemma 3.2  Let k . The system of equations 2 1 3
2 1
x y
x k
­   °®   °¯  has no solutions except 5k  . 
Proof From the Catalan’s Theorem, the equation 2 1 3x y   has an unique solution ( , ) (2, 1)x y  . Thus 22 1 5k     
follows.  The proof is completed.                                          ڧ 
 
Lemma 3.3  Let k . The system of equations 2 1
2 1 3
x
x y
k­   °®   °¯  has no solutions except 1, 7k  . 
Proof From Catalan’s Theorem, the equation 2 1 3x y   has only two solutions ( , ) (1, 1), (3, 2)x y  . Thus, as 1, 3x  , 
1, 7k   follows respectively. The proof is completed.                                                        ڧ 
 
Proposition 3. 4  The equation 1 22 1 22 1
s sx l l    has two solutions 
4 1 12 1 3 5   ,  6 2 12 1 3 7   . 
Proof From Lemma 3.1, we have 1 21 21 2 1 2 1
s sx x l l      . Furthermore, from gcd(2 1, 2 1) 1x x   , we may suppose 
that both 112 1
sx l   and 222 1 sx l   are satisfied. Then, from 23 | 2 1x  , Either 1 3l   or 2 3l   follows. Thus, from 
Lemma 3.2 and Lemma 3.3, The result is obtained.                                                            ڧ 
 
Lemma 3.5  Let 1 2, 3l l ! . If 1 22 1 22 1 3 s sx y l l    , then either of the following system of equations is satisfied: 
  
1
2
1
2
2 1 3
2 1
sx y
sx
l
l
­   °®   °¯
,  
1
2
1
2
2 1 3
2 1
sx y
sx
l
l
­   °®   °¯
. 
Proof From Lemma 3.1, we have 1 21 21 2 1 2 1 3
s sx x y l l       . Furthermore, from Lemma 3.2 and Lemma 3.3, the 
following two systems of equations are not satisfied: 
  
1 2
1 2
2 1 3
2 1
x y
s sx l l
­   °®   °¯ ,  1 21 2
2 1 3
2 1
x y
s sx l l
­   °®   °¯ . 
Thus the proof is completed.                                                                               ڧ 
 
Lemma 3.6  Let k . The system of equations 
1
12 1 3
2 1
sx y
x
l
k
­   °®   °¯  has no solutions except 17, 65k  . 
Proof From 3 | 2 1x  , x  is even. Therefore, from Proposition 3.4, there are only two solutions 4 1 12 1 3 5    and 
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6 2 12 1 3 7    on the equation 112 1 3 sx y l   . For each solutions, 17, 65k   follows.                          ڧ 
 
Lemma 3.7  Let \ {1}k  and 2 3l ! . If the system of equations 
2
22 1
2 1 3
sx
x y
l
k
­   °®   °¯  has solutions, then the following results are 
satisfied: (1) 21, 1y s  ,  (2) 2l  is a Mersenne prime number with 2 31l t . 
Proof From 3 | 2 1x  , x  is odd. Furthermore, when 1, 3x   is satisfied, 3 3, 9y k   follows respectively. Thus we 
have a contradiction. After this, we suppose that x  is odd with 5x t . Then, from Catalan’s Theorem, both 2 1s   and 
2 2 1
xl    follow. Thus 2l  is a Mersenne prime number with 2 31l t . Furthermore, since x  is at least an odd prime number 
with 5x t , 3 3 3(2 1) (3) ( ) 1 0 1xy xQ Q Q        follows, where notation ( )pQ   is s p -adic valuation.       ڧ 
 
We consider solutions of the equation 31 22 1 2 32 1
ss sx l l l     
Proposition 3.8  We have the following results: 
  (1) Suppose that x  is even. Then there is an unique solution 8 1 1 12 1 3 5 17    . 
  (2) Suppose that x  is odd. Let M  be a Mersenne prime with 31M t . If there exists an odd prime p  and a positive 
integer t  such that ( 2) /3tp M   follows, there is a solution 2 1 12 1 3m tM p    , where 2 ( 1)m MQ  , for M . 
Proof From 23 | 2 1x  , we may put 3 3l   and 3s y . Thus, from Lemma 3.5, either of the following system of equations 
is satisfied: 
  
1
2
1
2
2 1 3
2 1
sx y
sx
l
l
­   °®   °¯
,  
1
2
1
2
2 1 3
2 1
sx y
sx
l
l
­   °®   °¯
. 
(1) Suppose that x  is even. Then we have 
1
2
1
2
2 1 3
2 1
sx y
sx
l
l
­   °®   °¯
. Thus, from Lemma 3.6, the result is obtained. 
(2) Suppose that x  is odd. Then we have 
1
2
1
2
2 1 3
2 1
sx y
sx
l
l
­   °®   °¯
. Thus, from Lemma 3.7, the result is obtained.               ڧ 
 
Proposition 3.9  The equation 31 2 44 1 2 3 42 1
ss s sx l l l l      has two solutions 
12 1 1 1 12 1 3 5 7 13     ,  16 1 1 1 12 1 3 5 17 257     . 
Proof  From Lemma 3.1 and 2 2gcd(2 1, 2 1) 1x x   , we have 31 2 42 2 1 2 3 41 2 1 2 1 ss s sx x l l l l        . And, from 23 | 2 1x  , we 
may put 4 3l   and 4s y . Furthermore, from Lemma 3.2, either of the following system of equations is satisfied: 
  
1
32
2
1
2
2 3
2 1 3
2 1
sx y
ssx
l
l l
­   °®   °¯
,  
1 2
3
2
1 2
2
3
2 1 3
2 1
s sx y
sx
l l
l
­    °®   °¯
. 
Suppose 
1
32
2
1
2
2 3
2 1 3
2 1
sx y
ssx
l
l l
­   °®   °¯
. From Lemma 3.6, There is an unique solution 
6 3 1
6 1 1
2 1 3 7
2 1 5 13
­   °®   °¯ . 
Suppose 
1 2
3
2
1 2
2
3
2 1 3
2 1
s sx y
sx
l l
l
­    °®   °¯
. If x  is even, form Proposition 3.8, There is an unique solution 
8 1 1 1
8 1
2 1 3 5 17
2 1 257
­    °®   °¯ . If x  is 
odd, then 5 | 2 1x   and so 3 5l   follows. Furthermore, from Catalan’s Theorem, the equation 322 1 5sx    has an unique 
solution 3( , ) (1, 1)x s  . Then 1 2 21 23 2 1 3s sy l l      follows. Thus we have a contradiction.                         ڧ 
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4. FACTORIZATION ON 2 1yb   
Let b  be odd. In this section, we consider the factorization on 1yb  . And we treat the following two cases: 
 12 11 2
sx xb l   ,  1 22 1 21 2 s sy xb l l    . 
 
Lemma 4.1  Let \ {1}k   and 3x t . The system of equations 1
1 2
1 2
y
y x
b
b k
­   °®   °¯  has no solutions. 
Proof From 12 ( 1) 2 4x ik b      , it is clear.                                                          ڧ 
 
We consider solutions of the equation 12 11 2
sy xb l   , where y  is even. 
Proposition 4.2  We have the following results: 
(1) Suppose that b  is a prime number. Then there are only four solutions 
 2 3 15 1 2 3   , 4 4 13 1 2 5   , 2 5 217 1 2 3   , 2 4 17 1 2 3   . 
  (2) Suppose that b  contains at least two distinct odd prime numbers. Then, if 1l  is either a Fermat prime number F  with 
17F t  or a Mersenne prime number 0M with 0 7M t , There is only one solution 2 2 111 2rb l   , where 
1 2 12 1, ( 1)b l r lQ     as 1l F  or 1 2 12 1, ( 1)b l r lQ     as 1 0l M . 
Proof We remark that 28 | 1b   leads 3x t . From Lemma 4.1 and gcd( 1, 1) 2y yb b   , we have 
1
12 1 1 2
sy y xb b l      . Therefore, either of the following two systems of equations follows: 
(4.1)  
1
1
1
1 2
1 2
y x
sy
b
b l
­   °®   °¯ , 
(4.2)  
1
1
1
1 2
1 2
y x
sy
b
b l
­   °®   °¯  
 
First, we consider the case of (4.1). 
  If 3x   is satisfied, then 22 1 5yb     and so 5, 1b y   are obtained. Furthermore, from 1 11 (5 1) / 2 3sl    , we have 
1 3l   and 1 1s  . Thus 2 3 15 1 2 3    follows. 
  If 4x   is satisfied, then 32 1 9yb     and so 3, 2b y   are obtained. Furthermore, from 1 21 (3 1) / 2 5sl    , we have 
1 5l   and 1 1s  . Thus 4 4 13 1 2 5    follows. 
If 5x   is satisfied, then 42 1 17yb     and so 17, 1b y   are obtained. Furthermore, from 1 11 (17 1) / 2 9sl    , we 
have 1 3l   and 1 2s  . Thus 4 5 217 1 2 3    follows. 
  Suppose 6x t . From Catalan’s Theorem, 11, 2 1xy b     are obtained. Furthermore we have 1 21 2 1s xl   . And, from 
Catalan’s Theorem, 21 11, 2 1
xs l     are obtained. Thus 1l  is a Fermat prime number F  with 17F t . We remark that x  
is even at least. Then we have 12 1 2 1xb F    . And, from Lemma 2.4, b  has an odd prime number p  other than 3 and 3 
as the factor. 
 
Next, we consider the case of (4.2). 
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  If 3x  , then 22 1 3yb     and so 3, 1b y   are obtained. Hence 1 11 (3 1) / 2 1sl     follows. Thus we have a 
contradiction. 
  If 4x  , then 32 1 7yb     and so 7, 1b y   are obtained. Furthermore, from 1 11 (7 1) / 2 3sl    , we have 1 3l   and 
1 1s  . Thus 2 4 17 1 2 3    follows. 
  Suppose 5x t . From Catalan’s Theorem, 11, 2 1xy b     are obtained. Furthermore we have 1 21 2 1s xl   . And, from 
Catalan’s Theorem, 21 11, 2 1
xs l     are obtained. Thus 1l  is a Mersenne prime number 0M  with 0 7M t . We remark that 
x  is odd at least. Then we have 1 02 1 2 1
xb M    . And, from Lemma 2.4, b  has an odd prime number p  other than 3 
and 3 as the factor.                                                                                      ڧ 
 
Lemma 4.3  Suppose that y  is even. The system of equations 
1 2
1
1 2
1 2
1 2
y x
s sy
b
b l l
­   °®    °¯  has no solutions. 
Proof Since y  is even, we have 2y t  and 4x t . From Catalan’s Theorem, The equation 11 2y xb    has an unique 
solution 2 33 1 2  . Thus 3, 2b y   and 4x   follow. Therefore 1 2 21 22 3 1 10s sl l      is obtained. Thus we have a 
contradiction.                                                                                          ڧ
 
We consider solutions of equation 1 22 1 21 2
s sy xb l l    , where y  is even. 
Proposition 4.4  We have the following results: 
(1) Suppose that b  is a prime number. Then there are only three solutions 
 4 4 1 15 1 2 3 13    ,  8 5 1 13 1 2 5 41    ,  4 5 1 27 1 2 3 5    . 
  (2) Suppose that b  contains at least two distinct odd prime numbers. Then, let 0M  be a Mersenne prime with 0 7M t . 
 And, put 0 2 02 1, ( 1)b M r MQ    . If there exist an odd prime number p  and a positive integer t  such that 
2( 1) / 2tp b  , There is only one solution 4 3 101 2r tb M p    . 
Proof We remark that 28 | 1b   leads 3x t . From Lemma 4.1 and gcd( 1, 1) 2y yb b   , we have 
11
12 1 1 2
sy y xb b l      . And, Since 0 (mod 2)y {  leads 8 | 1yb  , The system of equations 
1
2
1
1
2
1 2
1 2
sy
sy x
b l
b l
­   °®   °¯
 dose not 
occur. Therefore, from Lemma 4.3, the system of equations 
1
2
1
1
2
1 2
1 2
sy x
sy
b l
b l
­   °®   °¯
 is satisfied. 
(1) From Proposition 4.2, We have the following results. 
   If 2 3 15 1 2 3  u  is satisfied, then 2 22 (5 1) / 2 13sl    . That is 2 213, 1l s  . 
If 4 4 13 1 2 5  u  is satisfied, then 2 42 (3 1) / 2 41sl    . That is 2 241, 1l s   
If 2 5 217 1 2 3  u  is satisfied, then 2 22 (17 1) / 2 145sl    . Thus we have a contradiction to a prime number 2l . 
If 2 4 17 1 2 3  u  is satisfied, then 2 22 (7 1) / 2 25sl    . That is 2 25, 2l s   
(2) Let F  be a Fermat prime number with 17F t . Then there exists a positive number n  with 2n t  such that 22 1nF     
follows. And, if we put 2 12 1 2 1
n
b F     , from Lemma 2.3, the equation 12 11 2 sb l    has no solutions. 
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From Proposition 4.2, we may put 1l F  or 1 0l M . But the relation 1l F  does not occur for the reasons mentioned 
above. When 1 0l M  is satisfied, we put 0 2 02 1, ( 1)b M r MQ    . Then we have 2 2 101 2rb M   . Thus, if there exist an 
odd prime number p  and a positive integer t  such that 2( 1) / 2tp b  , there is only one solution 4 3 101 2r tb M p    . ڧ 
 
We consider solutions of equation 1 22 1 21 2
s sy xb l l    , where y  is odd. 
Lemma 4.5  1y z  if and only if 3b  . 
Proof Suppose 1y  . If 3b  , then 1 2 21 22 3 1 8s sx l l     . Thus we have a contradiction. Therefore 3b z  leads.  
If  1y z  is satisfied, from Lemmma 2.2, 2 1 2xb    follows. And, from 28 | 1b  , 3x t  is satisfied. Thus, from Catalan’s 
Theorem, 3b   leads.                                                                                  ڧ 
 
 
 
5. MAIN RESULTS 
Let F  be a Fermat prime number with 17F t . And let 0,M M  be a Mersenne prime number with 031, 7M Mt t . 
Let b  be odd, and let k  be a positive integer. In this section, we consider the equation 12 1 12 1(2 1) / ( 1) / 2x y y xb b k    .  
 
We consider solutions of the equation 
12
12
1
1 1 1
2 1 1
2
x y
s
y x
b l
b
   , where 12 1y z  
Theorem 5.1  We have the following results: 
(1) If b  is an odd prime number, there are only two solutions 
4 2
1
1 3
2 1 5 1
3
5 2
    and 
4 4
1
1 4
2 1 3 1
5
3 2
   . 
(2) If 322 3
ssb l l   follows, There is no solution. 
Proof First, we suppose that 12y  is even.  
  If b  is an odd prime number, from Proposition 4.2, the equation 12 1 111 2
y x sb l    has only four solutions; 
  2 3 15 1 2 3   , 4 4 13 1 2 5   , 2 5 217 1 2 3   , 2 4 17 1 2 3   . 
Thus we obtain either 3b   or 1 3l  . Therefore, from the other equation 12 1 112 1x y sb l   , 123 | 2 1x   and so 12x  is even. 
Hence, from Proposition 3.4, both 2 3 15 1 2 3    and 4 4 13 1 2 5    lead 4 1 12 1 5 3   . Furthermore, 12 1 112 1x y sb l    has no 
solution for 2 5 217 1 2 3    and 2 4 17 1 2 3   .  
  If 322 3
ssb l l   follows, from Proposition 4.2, then either 1l F  or 1 0l M  is satisfied. Furthermore 1 1s   follows. Now, 
we put 2 1b F   or 02 1b M   for each case. Then, from Lemma 2.4, b  has an odd prime number p  other than 3 and 3 
as the factor. Thus 123 | 2 1x   and so 12x  is even.  If 12 0 (mod 4)x {  follows, from Proposition 3.8, the equation  
12 1 1
12 1
x yb l    has an unique solution 8 1 1 12 1 3 5 17    . This leads 1 1 13 5 15, 17b l F     . Thus we have a contradiction 
to 2 1b F  . Therefore 12 2 (mod 4)x {  is satisfied. Let t . Then, from Proposition 3.8, if the equation 12 1 112 1x yb l    
has solutions, either 1 ( 3) / 2l F M   , 1 1 13yb M   or 1 0l M M  , 1 13 2y tb p M     or 1 0 ( 3) / 2l M M   ,
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1 1 13yb M   follows. We remark that 1 1 13yb M   or 1 13y tb p   leads 1 1y   each other.  
If 1l F  then 3 2 1 2{( 3) / 2} 1 2M b F M M        , and so 1M   follows. Thus we have a contradiction. 
  If 1 0l M M   then 2 2 1M b M    , and so 1M   follows. Thus we have a contradiction. 
  If 1 0 ( 3) / 2l M M    then 3 2 1M b M   , and so 1M   follows. Thus we have a contradiction. 
 
Next, we suppose that 12y  is an odd number with 12 1y z . 
The equation 12 1 11( 1) / 2
y x sb l   leads 1 1 1212 1x s yl b  . Thus, from Lemma 2.2, 11 2xb   , and so 12 1xb   follows. 
Therefore, the other equation 12 1 11(2 1) /
x y sb l  , 1 122 1 | 2 1x x   is obtained. Thus, from Lemma 2.5, both 12 0 (mod 2)x {  
and 1 12| / 2x x  follow. 
  If b  is an odd prime number, from Proposition 3.4, the equation 12 1 112 1
x y sb l    has only two solutions; 
  4 1 12 1 3 5   , 6 2 12 1 3 7   . 
If 1 113, 5
sb l   then 12 3 1 2x     and so, 1 1x  . Furthermore, from 12 1 11( 1) / 2y x sb l  , 12(3 1) / 2 5y    and so 123 11y   
follows. Thus we have a contradiction. On the other three cases 1 1 1 21( , ) (5, 3 ), (3, 7 ), (7, 3 )
sb l  , we have a contradiction 
similarly. 
  Suppose 322 3
ssb l l  . If 12 0 (mod 4)x {  follows, from Proposition 3.8, the equation 12 1 112 1x y sb l    has an unique 
solution 8 1 1 12 1 3 5 17    . That is 1 1 1 1 1 1 13 5 , 3 17 , 5 17yb     . Hence 1 1y   and 15, 51, 85b   follow. Thus we have a 
contradiction to 12 1xb    for each other. Therefore 12 0 (mod 4)x {  is satisfied. And, from Proposition 3.8, if the equation 
12 1 1
12 1
x y sb l    has solutions then 1 1 1 1 1 11 3 3 ( 2) / 3y s tb l M p M M         follows at least. We remark that 1 1y   is 
obtained since 113 || yb  or 11 || yM b  follows, where notation  ||na b  means that |na b  is satisfied but 1 |na b  is not satisfied. 
  If 113 , ( 2) / 3
sb M l M   , Then 12 11( 1) / ( 1) ( 2) / 3 ( 6) / 9y sb b l M b       , and so 9 6 (mod )b {   is satisfied. 
That is 3 0 (mod )b{ . Thus we have a contradiction. On the other two cases 1 1 11( , ) ( 2, ), ( ( 2) / 3, 3 )sb l M M M M   , we 
have a contradiction similarly.                                                                            ڧ 
 
We consider solutions of equation 
12
1 2
1 1
2
1 2
2 1 1
2
yx
s s
y x
b l l
b
    , where b  is an odd prime number. 
Theorem 5.2  The equation has no solutions. 
Proof First, we suppose that x  is even. From Proposition 3.8, The equation 1 2 12 1 22 1
s s yx l l b     has an unique solution 
8 1 1 12 1 3 5 17    . Then we consider the other equation 12 1 1 21 21 2y x s sb l l    .If 3b  follows, 12 1 1 13 1 2 5 17y x     and so 
125 | 3 1y   is satisfied. That is 124 | y .If 5b  follows, 12 1 1 15 1 2 3 17y x     and so 1217 | 5 1y   is satisfied. That is 1216 | y .If 
17b  follows, 12 1 1 117 1 2 3 5y x     and so 125 |17 1y   is satisfied. That is 124 | y . Thus 12 0 (mod 4)y {  follows. Therefore, 
from Proposition 4.4, the equation 12 1 1 21 21 2
y x s sb l l     has no solutions for the above cases. 
  Next, we suppose that x  is odd. From Proposition 3.8, if the equation 1 2 12 1 22 1
s s yx l l b     has solutions,  there exist an odd 
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prime number p  and a positive integer t  for M  such that 2 1 1 1 12 1 3 3 ( 2) / 3m tM p M M        . Now, put 2 1qM   , 
where q  is a suitable odd prime number with 5q t . Then we consider the other equation 12 1 1 21 21 2y x s sb l l    . 
  In the case of 3b  , the equation 12 1 13 1 2 ( 2) / 3y x M M      is satisfied. If 12 0 (mod 4)y {  follows, from Proposition 
4.4, there is no solution. If 12 2 (mod 4)y {  follows, from Lemma 4.5, there exists an odd positive integer n  with 1n z  such 
that 12 2y n . Then we have 12 21 2 2(3 1) (3 1) 3yx Q Q     . Furthermore, from gcd(3 1, 3 1) 2n n    and Lemma 4.1, 
22 3 1 3 1 2 ( 2) / 3n n M M         is satisfied. Hence, either 3 1 2
3 1 4 ( 2) / 3
n
n
M
M
­   °®    °¯  or 
3 1 2 ( 2) / 3
3 1 4
n
n
M
M
­    °®   °¯  follows. 
Then the system of equation leads ( , ) (1, 1)M n   for each case. Thus we have a contradiction. If 12y  is odd, then 12 1x   is 
satisfied. Then we have 12 13 1 2 (2 1) (2 1) / 3y q q      . That is 12 1 2 13 2 1y q   . Thus we have a contradiction to Catalan’s 
Theorem. 
   In the case of b M , the equation 12 1 11 2 3 ( 2) / 3y xM M      is satisfied. If 12 0 (mod 4)y {  follows, from Proposition 
4.4, there is no solution. If 12 2 (mod 4)y {  follows, from Lemma 4.5, 12 2y   is satisfied. Therefore, 12 1 2 ( 2)xM M   , 
and so 12(2 1) 1 2 (2 1)xq q     is satisfied. That is 11 12 (2 1) 2 (2 1)xq q q     . Hence 1 1x q   and 12 1 2 1q q     follows. 
Since the inequality 12 1 2 1q q     is satisfied clearly, we have a contradiction. If 12y  is odd, we have 
12 2 2( 1) (2 2) 1
qx MQ Q     . Therefore, 12 1 2( 2)yM M   , and so 12 2 5yM M   is satisfied. Thus we have a 
contradiction.  
  In the case of b p , the equation 12 1 1 11 2 3y xp M     is satisfied. If 12 0 (mod 4)y {  follows, from Proposition 4.4, there 
is no solution. If 12 2 (mod 4)y {  follows, from Lemma 4.5, 12 2y   is satisfied. Therefore, 12 2 3 1xp M   , and so 
12{( 2) / 3} (2 3 1)x tM M     is satisfied. Hence 4 9 (mod )M{ , and so 0 5 (mod )M{  follows. Thus we have a 
contradiction. If 12 1y   follows, then 12 3 1xp M   , and so 1( 2) / 3 (2 3 1)x tM M     is satisfied. Hence 2 3 (mod )M{ , 
and so 0 1 (mod )M{  follows. Thus we have a contradiction. Suppose  that 12y  is an odd positive integer with 12 1y z . Then 
we remark that 2 | 1p   and 1M p ?  are satisfied. Therefore, from Lemma 2.2, either 11 2xp    or 11 3 2xp     follows. 
Therefore, from ( 2) / 3 (2 1) / 3t qp M    , we have 12 1 3( 2 1)xq tk    , where 1, 3k  . Then, If 1 2x t  follows, 
1 3 (mod 4){ , and so 0 2 (mod 4){  follows. Thus we have a contradiction. If 1 1x   follows, 12 1 3q t   or 2 1 3 7q t    
is satisfied. From Catalan’s Theorem, 12 1 3q t   has no solutions. And, from 7 2 1q ? , 2 1 3 7q t    has no solutions too.                
                                                    ڧ
 
We consider solutions of the equation 
12
1 2
1 1
4
1 2
2 1 1
2
yx
s s
y x
b l l
b
    , where 3 43 4s sb l l  . 
Theorem 5.3  There is an unique solution 
12 1
2 1
1 1
2 1 91 1
3 5
91 2
    . 
Proof From Proposition 3.9, the equation 1 1 24 1 22 1
y s sx b l l     has the following two solutions: 
  12 2 1 1 12 1 3 5 7 13     ,   16 1 1 1 12 1 3 5 17 257     . 
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First, we consider the case of 12 2 1 1 12 1 3 5 7 13     . Then we remark that 1 1y   is satisfied. 
  Suppose 91b  .Then the other equation 12 1 2 191 1 2 3 5y x     is satisfied. If 12y  is even, 1223 | 91 1y   follows. Thus we 
have a contradiction. If 12y  is odd, we have 1 2 (91 1) 1x Q   . Therefore 12 1 2 191 1 2 3 5 90y      , and so 12 1y   is obtained. 
Thus 
12 1
2 1
1 1
2 1 91 1
3 5
91 2
     is a solution.  
  If 45b  , the other equation 12 1 1 145 1 2 7 13y x     follows. Thus we have a contradiction to 1211| 45 1y  . 
  If 63b  , the other equation 12 1 1 163 1 2 5 13y x     follows. Thus we have a contradiction to 1231| 63 1y  . 
  If 117b  , the other equation 12 1 1 1117 1 2 5 7y x     follows. Thus we have a contradiction to 1229 |117 1y  . 
  If 35b  , the other equation 12 1 2 135 1 2 3 13y x     follows. Thus we have a contradiction to 1217 | 35 1y  . 
  If 65b  , the other equation 12 1 2 165 1 2 3 7y x     follows. Then, from 123 | 65 1y  , 12y  is even. Thus we have a 
contradiction to 1211| 65 1y  . 
Next, we consider the case of 16 1 1 1 12 1 3 5 17 257     . Then we remark that 1 1y   is satisfied. 
  If 15b  , the other equation 12 1 1 115 1 2 17 257y x     follows. Thus we have a contradiction to 127 |15 1y  . 
  If 51b  , the other equation 12 1 1 151 1 2 5 257y x     follows. Thus we have a contradiction to 1225 | 51 1y  . 
  If 771b  , the other equation 12 1 1 1771 1 2 5 17y x     follows. Thus we have a contradiction to 127 | 771 1y  . 
  If 85b  , the other equation 12 1 1 185 1 2 3 257y x     follows. Thus we have a contradiction to 127 | 85 1y  . 
  If 1285b  , the other equation 12 1 1 11285 1 2 3 17y x     follows. Thus we have a contradiction to 12107 |1285 1y  . 
  If 4369b  , the other equation 12 1 1 14369 1 2 3 5y x     follows. Thus we have a contradiction to 127 | 4369 1y  . 
The proof is complete.                                                                                ڧ 
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